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Rings And Fields



1.1 What is a ring?

Remember fields? 
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1.1 What is a ring?

Remember fields? Those are boring. Let’s spice things up a little.

Axioms Fields Rings Rings (cool)

Associativity (+) ✅️ ✅️ ✅️

Associativity (⋅) ✅️ ✅️ ✅️

Identity (+) ✅️ ✅️ ✅️

Identity (⋅) ✅️ ✅️ ✅️

Inverses (+) ✅️ ✅️ ✅️

Inverses (⋅) ✅️ ❌️ ❌️

Distributivity ✅️ ✅️ ✅️

Commutativity (+) ✅️ ✅️ ✅️

Commutativity (⋅) ✅️ ✅️ ❌️
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1.2 Today’s goal

Our goal for this presentation will be the following:
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1.2 Today’s goal

Our goal for this presentation will be the following:

Goal

Classify all “nice” rings.

• What is a “nice” ring?

• How do we even begin to examine rings?

• What properties lead to a classification?
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1.3 Examples

Some examples of rings:
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1.3 Examples

Some examples of rings:

1. ℤ - the integers (the “prototypical” ring)

2. 𝑀2(ℝ) - matrices with real entries

3. ℚ[𝑥] - polynomials with rational coefficients

4. ℂ[𝑥1, 𝑥2, …, 𝑥𝑛] - multivariate polynomials with complex coefficients

5. 𝐶0(ℝ) - continuous functions of the form 𝑓 : ℝ → ℝ
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Modules



2.1 Vector Spaces

We can make vector spaces over fields.
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What about rings?

ℝ as a vector space - we can choose the field of scalars.

• One-dimensional over ℝ, but infinite-dimensional over ℚ.

Similarly: ℚ is a ℚ-module, but also a ℤ-module!

• ℤ is a ring ⟹ no vector spaces.

• ℚ is one-dimensional over ℚ.
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2.1 Vector Spaces

We can make vector spaces over fields.

What about rings?

ℝ as a vector space - we can choose the field of scalars.

• One-dimensional over ℝ, but infinite-dimensional over ℚ.

Similarly: ℚ is a ℚ-module, but also a ℤ-module!

• ℤ is a ring ⟹ no vector spaces.

• ℚ is one-dimensional over ℚ.

What if ℚ is over ℤ? This would be infinite dimensional!
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2.2 Subspaces

Subspaces of ℝ over ℝ: either ℝ or {0}.
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2.2 Subspaces

Subspaces of ℝ over ℝ: either ℝ or {0}.

What about “subspaces” of ℤ over ℤ?

Want: set closed under addition and scaling…

We can take multiples of any number!

(6) = {…, −12, −6, 0, 6, 12, …} = {multiples of 6}

So, (6) is a submodule of ℤ over ℤ-module - different from ℝ over ℝ.

But wait, there’s more: (6) ⊋ (12) ⊋ (24) ⊋ (48) ⊋ ⋯

There are infinitely many submodules - we can even make infinite ‘chains’ in this case. 

Vector spaces don’t do that!
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2.3 Module Examples

Module = vector space, but over a ring.
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2.3 Module Examples

Module = vector space, but over a ring.

What are some examples?

• Any vector space is a module (since any field is a ring).

• Matrices act on vectors by 𝐴(𝑣) = 𝐴𝑣, and 𝑀2(ℝ) is a ring - so ℝ2 is an 𝑀2(ℝ) module.

• ℚ is a module over ℤ.

• Any ring is a module over itself!
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2.4 Comparison Game

Module = vector space, but over a ring. 

9



2.4 Comparison Game

Module = vector space, but over a ring. How do they differ?

9



2.4 Comparison Game

Module = vector space, but over a ring. How do they differ?

Properties Vector Spaces Modules

9



2.4 Comparison Game

Module = vector space, but over a ring. How do they differ?

Properties Vector Spaces Modules

Maps

9



2.4 Comparison Game

Module = vector space, but over a ring. How do they differ?

Properties Vector Spaces Modules

Maps Linear Maps

9



2.4 Comparison Game

Module = vector space, but over a ring. How do they differ?

Properties Vector Spaces Modules

Maps Linear Maps Homomorphisms

9



2.4 Comparison Game

Module = vector space, but over a ring. How do they differ?

Properties Vector Spaces Modules

Maps Linear Maps Homomorphisms

Subsets

9



2.4 Comparison Game

Module = vector space, but over a ring. How do they differ?

Properties Vector Spaces Modules

Maps Linear Maps Homomorphisms

Subsets Subspaces

9



2.4 Comparison Game

Module = vector space, but over a ring. How do they differ?

Properties Vector Spaces Modules

Maps Linear Maps Homomorphisms

Subsets Subspaces Submodules

9



2.4 Comparison Game

Module = vector space, but over a ring. How do they differ?

Properties Vector Spaces Modules

Maps Linear Maps Homomorphisms

Subsets Subspaces Submodules

Scaling

9



2.4 Comparison Game

Module = vector space, but over a ring. How do they differ?

Properties Vector Spaces Modules

Maps Linear Maps Homomorphisms

Subsets Subspaces Submodules

Scaling Good to go

9



2.4 Comparison Game

Module = vector space, but over a ring. How do they differ?

Properties Vector Spaces Modules

Maps Linear Maps Homomorphisms

Subsets Subspaces Submodules

Scaling Good to go Shady behaviour

9



2.4 Comparison Game

Module = vector space, but over a ring. How do they differ?

Properties Vector Spaces Modules

Maps Linear Maps Homomorphisms

Subsets Subspaces Submodules

Scaling Good to go Shady behaviour

Dimension

9



2.4 Comparison Game

Module = vector space, but over a ring. How do they differ?

Properties Vector Spaces Modules
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2.4 Comparison Game

Module = vector space, but over a ring. How do they differ?

Properties Vector Spaces Modules

Maps Linear Maps Homomorphisms

Subsets Subspaces Submodules

Scaling Good to go Shady behaviour

Dimension Solid, reliable What, the dream dimension?

Worse - even if distinct bases exist, they can be of different cardinality!
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2.5 Modules, formally

Module = vector space, but over a ring. 
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2.5 Modules, formally

Module = vector space, but over a ring. Why do we care?

Vector spaces: sets with addition satisfying some axioms.

Alt perspective: if 𝑉  is a set with addition and 𝑐 ∈ ℝ, interpret 𝑐𝑣 not as 𝑣 “scaled” by 𝑐, but 

instead a map 𝜙𝑐 : 𝑉 → 𝑉  given by 𝑣 ↦ 𝑐𝑣.

𝑣

𝑐𝑣

𝑣

𝑐 𝑐𝑣

Special thanks to M. Motiwala for the code for this diagram!
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2.6 Modules, formally

Module = vector space, but over a ring. Why do we care?

Re-define vector spaces with scaling maps 𝑐 : 𝑉 → 𝑉  called scalar multiplication.

Analogously, a module* 𝑀  over a ring 𝑅 is a set with an addition operation and scaling maps 

𝑟 : 𝑀 → 𝑀 , satisfying the same axioms.

Analyze scaling on module ⟹ learn stuff about 𝑅!
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2.7 Flashlights

Here’s an analogy on how modules help us study rings.
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2.7 Flashlights

Here’s an analogy on how modules help us study rings.

Ring: Mysterious, hard-to-work-with object. ⟵ How do we analyze this thing?

Use flashlight ⟹ cast shadow ⟹ examine shadow ⟹ get information about object!

• Ring: Object

• Module: Flashlight

• Scaling map: Shadow

But shadows lose some information (depth, colour, etc.) - not perfect.

We’ll revisit this analogy a lot.

(See board for visual diagram)
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3.1 Simple Module

Okay, modules are important. What about the lack of basis?
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3.1 Simple Module

Okay, modules are important. What about the lack of basis?

Look for “simplest” structure, i.e. next best thing to a basis.

Vector spaces: subspaces, “irreducible” iff dimension 1.

Modules: submodules, no dimension…

Instead, we define a module to be simple if there are no nontrivial proper submodules.

Examples:

• Simple vector spaces ⟺ 1-dimensional.

• 𝑀2(ℝ) is simple over itself*.

• Any vector space is a direct sum of simple subspaces!

‣ Proof: Take a basis {𝑒𝑖}. Each 𝑀𝑖 = span(𝑒𝑖) is simple, and 𝑉 = ⨁𝑖 𝑀𝑖.

14
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3.2 Semisimple Module

Simple vector spaces (by analogy, modules) are like “building blocks”.

We can always build vector spaces out of simple subspaces. Nice!

• Not always true for modules!

We say a module 𝑀  is semisimple if it can be “built” out of simple submodules:

𝑀 = ⨁
𝑖∈𝐼

𝑀𝑖 , 𝑀𝑖 ⊆ 𝑀 is simple

We say a ring is semisimple if it is semisimple as a module over itself.

Since rings have multiplicative identity, semisimple rings have to be finite direct sums.

In other words, they have something akin to a basis!

We’ll take these as our definition of “nice” rings.
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4.1 Zero Divisors

Do you know what a zero divisor is?
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4.1 Zero Divisors

Do you know what a zero divisor is?

Wrong. It’s a disgusting element that ruins arithmetic and deserves the capital punishment.

Turns out, modules can have a very similar thing.

Consider ℤ6 over ℤ. We cast a ‘shadow’ on ℤ6 by scaling with elements in ℤ.

Can you find an element in ℤ that sends everything in ℤ6 to 0?

Try any multiple of 6!

(6) = {⋯, −12, −6, 0, 6, 12, ⋯}

In this case, the annihilator is (6).

Think of a flashlight reducing a pencil to a point.
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4.2 Formally

We define the annihilator of a module 𝑀  over a ring 𝑅 as the elements of 𝑅 which 

“annihilate” 𝑀  in the previously mentioned bad sense.

Ann𝑅(𝑀) ≔ {𝑟 ∈ 𝑅 : 𝑟𝑚 = 0 for all 𝑚 ∈ 𝑀}
Annℤ(ℤ6) = (6) = {multiples of 6}
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Example: ℝ2 is faithful over 𝑀2(ℝ).
• Suppose 𝐴𝑣 = 0 for all 𝑣. Then 𝐴𝑒1 = 𝐴𝑒2 = 0.

• But 𝐴𝑒𝑘 is the 𝑘-th column of 𝐴, so 𝐴 is the zero matrix!
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Flashlight analogy: The entire shape of the ring can be detected by a single simple module.

Example: 𝑀2(ℝ) is primitive.

• Recall ℝ2 is faithful over 𝑀2(ℝ).
• It is also simple, since any non-zero vector can get mapped to any vector.

• Thus, 𝑀2(ℝ) has a faithful simple module - i.e. it is primitive!
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Given a ring 𝑅, we define its Jacobson radical 𝐽(𝑅) as the intersection of all primitive 

ideals of 𝑅.

𝐽(𝑅) ≔ ⋂
𝐼 primitive

𝐼

Flashlight analogy: This is the blind spot of the ring - no amount of simple modules will 

illuminate this area.

We say a ring 𝑅 is semiprimitive if 𝐽(𝑅) = {0}. In other words, it has no blind spot.

Think of a cube with a ball in it - this has a blind spot.
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Tying It All Together



5.1 Examples

That was a lot of definitions! Let’s look at some examples.

Module Faithful? Simple? Semisimple?
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How do these definitions relate?
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5.2 Semi Connections

We’ll show that semisimple implies semiprimitive.
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But is the inverse true? If I can piece together flashlights (𝑀  is semiprimitive), is 𝑀  a direct 

sum?

We need a weird condition.
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5.3 Artinian

Remember ℤ ⊋ (2) ⊋ (4) ⊋ ⋯ is an infinite chain? We call this a descending chain.
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ℤ ⊋ (2) ⊋ (2 ⋅ 3) ⊋ (2 ⋅ 3 ⋅ 5) ⊋ (2 ⋅ 3 ⋅ 5 ⋅ 7) ⊋ ⋯

Notice that as we go up this chain, we introduce one more flashlight.

That’s bad since a ring can’t be an infinite direct sum.

In other words, we can’t escape to infinity, since the direct product must be finite.
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5.4 Equivalence

So, we have the following theorem:

𝑅 is semisimple ⇔ 𝐽(𝑅) = 0 and 𝑅 is artinian

Or, we can write a ring as a direct product if nothing is ever hidden by choosing all possible 

flashlights, and we only need finitely many flashlights.
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So, we have the following theorem:

𝑅 is semisimple ⇔ 𝐽(𝑅) = 0 and 𝑅 is artinian

Or, we can write a ring as a direct product if nothing is ever hidden by choosing all possible 

flashlights, and we only need finitely many flashlights.

But what are these rings? Is there any classification theorem that classifies every ring that 

looks like this?
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06
The Artin-Wedderburn 

Theorem



6.1 Outline

Every semisimple ring is a direct product of matrix rings over division rings.

We’ll prove this in two steps.

1. We’ll show that when the ring is primitive and artinian, this is not a product, but just a 

single matrix ring over a division ring.

2. We’ll now add in semiprimitivity, which now means our ring is semisimple. Then, we can 

show that this addition only makes it a product now.
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6.2 AWT Simple

𝑅 is primitive and artinian. Want to show 𝑅 is a matrix ring over a division ring.

Proof: 𝑅 primitive ⇒ faithful simple module 𝑀 . We’ll prove Δ ≔ End(𝑅𝑀) is a division 

ring. This is Schur’s Lemma.
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Let 0 ≠ 𝑓 ∈ End(𝑅𝑀). im(𝑓) ≠ 0 and, ker(𝑓) ≠ 𝑀 . Notice that im(𝑓) and ker(𝑓) have to 

be submodules of 𝑀  because 𝑓  is a homomorphism.

Now, since 𝑀  is simple, the only way a nonzero submodule can exist, is if it is all of 𝑀 . 

Thus, im(𝑓) = 𝑀 . Similarly, ker(𝑓) = 0.

We’ll now show the following chain of isomorphisms:

𝑅 ≃ End(𝑀Δ) ≃ 𝑀𝑛(Δ)
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6.3 Congruence Chain

We’ll now show the following chain of isomorphisms:

𝑅 ≃ End(𝑀Δ) ≃ 𝑀𝑛(Δ)

End(𝑀Δ) ≃ 𝑀𝑛(Δ) : Notice that 𝑀Δ has a basis in Δ (∗ artinian means finite basis).

But this can be modelled as a matrix, thus, it’s just an 𝑛 × 𝑛 matrix ring over Δ.

𝑅 ≃ End(𝑀Δ) :

Injective: For 𝑟 ∈ 𝑅, consider the map 𝑟 ↦ 𝑟𝑚. Its kernel is the annihilator of 𝑀 . But 𝑀  is 

faithful, so it must be trivial.

Surjective: 𝑅 is artinian ⇒ 𝑀Δ is finitely generated (trust us). We’ll use the Jacobson 

Density Theorem: If 𝑥1, …, 𝑥𝑛 are the generators, then for any 𝛿1, …, 𝛿𝑛 ∈ Δ, there exists 

an 𝑟 ∈ 𝑅 such that 𝑟𝑥𝑘 = 𝑥𝑘𝛿𝑘 for each 𝑘.
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6.4 Semiprimitivity

Recall that a semiprimitive ring is when (0) is an intersection of primitive ideals.

Thus, we get the following:

Semiprimitive ⇒ (0) = ⋂ 𝓂︀𝑖 = 𝐽(𝑅)
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Thus, we get the following:

Semiprimitive ⇒ (0) = ⋂ 𝓂︀𝑖 = 𝐽(𝑅)

We’ll invoke an ancient theorem, called Sunzi’s Theorem. This is actually just the Chinese 

Remainder Theorem.

CRT: 𝑅/ ⋂ 𝓂︀𝑖 ≃ 𝑅/𝓂︀1 × ⋯ × 𝑅/𝓂︀𝑘.

30



6.4 Semiprimitivity

Recall that a semiprimitive ring is when (0) is an intersection of primitive ideals.

Thus, we get the following:

Semiprimitive ⇒ (0) = ⋂ 𝓂︀𝑖 = 𝐽(𝑅)

We’ll invoke an ancient theorem, called Sunzi’s Theorem. This is actually just the Chinese 

Remainder Theorem.

CRT: 𝑅/ ⋂ 𝓂︀𝑖 ≃ 𝑅/𝓂︀1 × ⋯ × 𝑅/𝓂︀𝑘.

𝑅 ≃ 𝑅/(0)
≃ 𝑅/𝐽(𝑅)

≃ 𝑅/ ⋂ 𝓂︀𝑖

≃ 𝑅/𝓂︀1 × ⋯ × 𝑅/𝓂︀𝑘
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6.5 Finishing the Proof

The upshot: Each 𝑅/𝓂︀𝑖 is a primitive and artinian ring.

But by AWT, each 𝑅/𝓂︀𝑖 is a matrix ring over some division ring!

Thus:

𝑅 ≃ 𝑅/𝓂︀1 × ⋯ × 𝑅/𝓂︀𝑘 ≃ 𝑀𝑛1
(Δ1) × ⋯ × 𝑀𝑛𝑘

(Δ𝑘)

∎
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07
End Of Slidedeck!

Thank You!
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